
W A V E  F O R M A T I O N  IN E X P L O S I V E  W E L D I N G  

S .  K .  G o d u n o v ,  A ,  A .  D e r i b a s ,  
a n d  N.  S .  K o z i n  

A hypothet ical  analogy between wave format ion  in explosive welding and the Ka rman  vor tex  
s t r e e t  is  analyzed,  and the phys ica l  laws of the wave format ion  p r o c e s s  a re  inves t iga ted .  

In explos ive  welding pe r iod ic  waves are  usua l ly  formed at the contact  su r face  of the col l id ing  me ta l  
p la tes  (Fig.  1). 

This was f i r s t  obse rved  by M. A. L a v r e n t ' e v ' s  group in 1944 [1]. S i m i l a r  wave format ion  was ob-  
s e rved  by Al len et  al .  [2]. Abrahamson  [3] has  offered a qual i tat ive explanat ion of the wave format ion  
mechan i sm.  In [4] and e l s ewhere  it has been sugges ted  that there  is a p a r a l l e l  between the m e c ha n i sms  of 
wave fo rmat ion  as a r e su l t  of impac t  and per iod ic  vor tex  s t r e e t  fo rmat ion  as a r e s u l t  of fluid flow over  a 
cy l inde r .  In [5], Bahrani ,  Black,  and C r o s s l a n d  c r i t i c a l l y  eva lua ted  A b r a h a m s o n ' s  ideas  and put fo rward  
t h e i r  own quali tat ive hypotheses  concerning  the wave format ion  mechan i sm,  bas ing  t h e i r  conclusions  on the 
notion of the per iod ic  development  and co l lapse  of j e t s .  In [6] an a t tempt  was made to give a quantitative 
desc r ip t ion  of wave format ion  based  on the known ins tab i l i ty  of the tangent ia l  ve loc i ty  d iscont inui ty  in an 
ideal  fluid.  This  a t tempt  cannot be cons ide red  success fu l ,  s ince  we now know of c a s e s  of wave format ion  in 
s y m m e t r i c a l  co l l i s ions ,  when there  a re  no tangent ia l  d iscont inui t ies  at a l l .  

In the expe r imen t s  d e s c r i b e d  in [7, 8], a r e l a t ion  was e s t ab l i shed  between the wavelength ~ and 
ampli tude a and the co l l i s ion  p a r a m e t e r s .  When the th ickness  of the s t a t iona ry  pla te  52 is  many t i m e s  
g r e a t e r  than that  of the moving plate  51, this  r e l a t ion  is  given by 

-2 ~ (I.0) 61 -- 26 sm -~- (~ is the impact angle) 

Under all impac t  condit ions the wave ampli tude a for  va r ious  me ta l s  was of the o r d e r  of the wave-  

length 

a / ~, ~-~ 0.25 

The expe r imen t s  a l so  showed that  wave format ion  i s  obse rved  when the veloci ty  U of the h i g h - p r e s -  
su re  zone (in the plane case  the ve loc i ty  of the contact  point) is  l e s s  than the speed of sound c o in the co l l i d -  

ing m e t a l s .  

The wave exci ta t ion  p r o c e s s  was examined in [9], where  the equations of l i n e a r  acous t ics  were  used  
to e s t i m a t e  the c h a r a c t e r i s t i c  d imension  of the h i g h - p r e s s u r e  zone. The same  p a p e r  includes  a numer i ca l  
ca lcu la t ion  of the two-d imens iona l  nons ta t ionary  co l l i s ion  p rob l em.  The computed values  of the h y d r o -  
dynamic quanti t ies a re  c o m p a r e d  with the r e s u l t s  following f rom the l i n e a r  theory .  

1. Wave F o r m a t i o n  and the Ka rman  Vor tex  S t ree t .  In [4] an 
analogy was p roposed  between wave format ion  in explos ive  welding 
and the Karman  vor tex  s t r e e t  fo rmed  in a fluid flowing over  a 
cy l inde r .  

We wil l  show that  an ana lys i s  of the p r inc ipa l  f ac to r s  i n -  
volved leads  to the conclus ion that such an analogy is  i n a d m i s s i b l e .  
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Flow ove r  a c y l i n d e r  is  known to c r e a t e  a non tu rbu l en t  pe r iod ic  vo r t ex  s t r e e t  on the i n t e r v a l  of Reynolds  
n u m b e r s  f r o m  20 to 300, while  the f r equency  of eddy f o r m a t i o n  is  d e t e r m i n e d  by a va lue  of the St rouhal  
n u m b e r  equal  to 0.2.  

The vo r t ex  s t r e e t  beh ind  a c y l i n d e r  i s  wel l  d e s c r i b e d  by the Oseen  a pp r ox i ma t i on  of the N a v i e r -  
Stokes equa t ions  p r e s e n t e d  in  [10]. This  is  c o n f i r m e d  by c o m p a r i s o n  with an e x p e r i m e n t  to ca lcu la te  the 
d rag  fo rce  ac t ing  on a c y l i n d e r  in  a flow. The v o r t i c i t y  ~2 (x, y) = Uy - v x of the wake fo rmed  behind the 
c y l i n d e r  is  then  g iven  by the fol lowing equat ion:  

2 u ] , f ~  s inOe~(x_r) (k= U)  
--  21n ('ff U a l "v) - -  i ~rr 2"v (1.1) 

Here ,  r and ~ a re  po la r  c o o r d i n a t e s ,  v is the  v i s c o s i t y  of the fluid, a is  the c y l i n d e r  r a d i u s ,  and 
T* = 1.78, . . . i s  the E u l e r  cons t an t .  If the analogy holds ,  we m a y  a s s u m e  that  the Oseen  app rox ima t ion  
c o r r e c t l y  d e s c r i b e s  the wake beyond the con tac t  poin t .  

The equa t ions  of mo t ion  take the fo rm 

ou i Op fO~u 02u\ v~+p00~ ~ \ ~ + ~ ) '  
Ou Ov 

+ -~- = o (1.2) 
ov t Op IO~v a~v~ 

T h e i r  so lu t ion  in  the funct ions  r and ,I, i s  w r i t t e n  in  the f o r m  

u = - ~ - - - - 2 - e  2k Ox ' v - ~  @ 2k Oy 
(1.3) 

0x-~ + ~-~ = 0, ~ + ? 7  = k~r  (1.4) 

The func t ions  r and ~ a re  s e l e c t e d  on the ba s i s  of the fol lowing cond i t ions :  The flow m u s t  be s y m -  
m e t r i c a l  about the x axis ,  the wake beyond the contac t  point  m u s t  be s i m i l a r  to that  beh ind  a c y l i nde r ,  i .e . ,  
the vo r t i c i t y  of the unknown wake m u s t  d i f fer  only by a f ac to r  f rom (1.1), and in  the ne ighborhood of the 
con tac t  point  x = 0 the a sympto t i c  b e h a v i o r  of the so lu t ion  m u s t  be the s a m e  as that  for  co l l id ing  j e t s  ob-  
t a ined  in  [9]. 

With these  a s s u m p t i o n s  ~ and ~I, a re  un ique ly  defined,  and the vo r t i c i t y  s has the f o r m  

sin 0 0 ~. , 
~2 = 2cok ~ - r  cos ~ e ~ t~-r~ (1.5) 

The c o n s t a n t  c o is  found a f te r  comput ing  the m o m e n t u m  J of the wake,  which can  be d e t e r m i n e d  f rom 
the f i r s t  of equa t ions  (1.3). On the o the r  hand,  i t  i s  poss ib l e  to d e t e r m i n e  the loss  of m o m e n t u m  by c o n s i d e r -  
ing the j e t  c o l l i s i o n  p r o b l e m .  C o m p a r i n g  the e x p r e s s i o n s  obta ined,  for  the vo r t i c i t y  we f ina l ly  can wr i t e  

= 2k 6162 sin ~ (T / 2) ( U a ~'/2 --~sin 0 cos 0 ~(x-r) 
(8~ § 8z) s ~ ~ i -if- e (1.6) 

Here ,  6 2 is  the t h i cknes s  of the bo t tom pla te .  C o m p a r i n g  (1.1) and (1.6), we see  that  

2 In (T*Ua / v) -- t -~ ~ ~ sin -~- V Ua [ v 

Hence we f ind the r ad ius  a of the c y l i n d e r ,  whose wake co inc ides  with that  beyond the contac t  point  

a = --~ ~ exp - -  ~ ~ 4 ----U--- exp Ua _u = ~ 61 + 62 sin~ 

The c o r r e s p o n d i n g  Reynolds  n u m b e r  

R = aU ~ 4 e x p  - - 4 m  (1.7) 
Uce 

obvious ly  does not exceed  4, which c o n t r a d i c t s  the e x p e r i m e n t a l  data on K a r m a n  s t r e e t  f o r m a t i o n .  
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I t  fo l lows  f r o m  (1.7) tha t  
4 4nv 4nv a 4n a 

n-~-  = ~ = ~ -  = R 

H o w e v e r ,  t h i s  i s  p o s s i b l y  only if  

a/a~ > e = 2.7t. . .  

On the o t h e r  hand,  the S t rouha l  n u m b e r  S can  be e x p r e s s e d  in t e r m s  of the  w a ve l e ng th  

S =  2n a 

A s s u m i n g  tha t  X = 20a ,  as  fo t lows  f r o m  e x p l o s i v e  we ld ing  e x p e r i m e n t s  [see  Eq. 0.1)],  we f ind  tha t  the  
S t rouha l  n u m b e r  

20 a . 20 
S ~  - ~ - ~ -  ~ - T  2.72 = 27.2 

We know f r o m  e x p e r i m e n t s  wi th  v o r t e x  l a y e r s  tha t  S = 0.2. In  o r d e r  to  e s t i m a t e  the a c t u a l  v a l u e s  of 
the Reyno lds  and S t rouha l  n u m b e r s  in  c o l l i s i o n s  we can  u s e  the e x p e r i m e n t a l  da t a  on the  v i s c o s i t y  of m e t a l s  
in  shock  c o m p r e s s i o n  [11, 12].  In th i s  c a s e  the  c a l c u l a t i o n s  g ive  

R ~ 10, S ~ t03 

T h i s  d i s c r e p a n c y  s u g g e s t s  t ha t  t he  wave  f o r m a t i o n  e f f ec t s  in  e x p l o s i v e  we ld ing  and the  f o r m a t i o n  of  
K a r m a n  v o r t e x  s t r e e t s  a r e  p h y s i c a l l y  d i f f e r e n t  p h e n o m e n a .  

2. P r o p a g a t i o n  of L i n e a r  P e r t u r b a t i o n s  in  Co l l i d ing  P l a t e s .  By m e a n s  of the  l i n e a r  equa t ions  of  
a c o u s t i c s  [9], we can  i n v e s t i g a t e  the  p o s s i b l e  m o d e s  of l i n e a r  v i b r a t i o n  a s s o c i a t e d  wi th  c o l l i s i o n  and,  in r e -  
l a t i o n  to the  e f fec t  of the  f r e e  s u r f a c e s ,  t h e i r  d a m p i n g .  

In  [9] the  fo l lowing  s y s t e m  of equa t ions  was  e m p l o y e d :  

au 0u t @ = 0 ,  0v av i Op 0 (2.1) 
a-T -}- U ~ + Po ox ~-i + U - ~  -~ poay  

Op ap ( o~ a~ ) 
o-T + U-~x + P~176 ~ + ~ = 0 

H e r e ,  U + u,  v, and p a r e  the  v e l o c i t y  and p r e s s u r e  c o m p o n e n t s ,  r e s p e c t i v e l y ,  and P0 i s  the  d e n s i t y  of  
the  co l l i d ing  m e t a l s .  

In  [9] i t  was  a l so  shown tha t  the  s t e a d y - s t a t e  so lu t ion  of (2.1), d e s c r i b i n g  the d i s t r i b u t i o n  of the  h y d r o -  
d y n a m i c  quan t i t i e s  in the  n e i g h b o r h o o d  of the  con tac t  point ,  has  the  f o r m  

cos (1/2 0) sin (I/2 o) cos (I/3 0) (2.2) 
u = - - a l  VF~ ' v = - - / z ~  V~ ' p = a l  Y ~  

H e r e ,  

2 + tg  0 Y , al ---- t .381 s i n  2 -~- 
rl = V i - -=v ' /~  Y ] ' z 

In th i s  so lu t ion  i t  was  a s s u m e d  tha t  the  i m p a c t  angle  7 i s  s m a l l  and tha t  the  f r e e  s u r f a c e s  of the  p l a t e s  
a r e  r e p r e s e n t e d  by  the  u p p e r  and l o w e r  ends  of the i n t e r v a l  x < 0, y = 0. The shape  of the  f r e e  s u r f a c e  
~/(x) was  d e t e r m i n e d  f r o m  the equa t ion  

0q 0q Y y=0 a-F + U - ~  = (2.3) 

whose  so lu t ion  i s  the  p a r a b o l a  

~l = ]/r~-~ 2al / U 

I t  i s  n a t u r a l  to a s s u m e  tha t  the  p r o p a g a t i o n  of  p e r i o d i c  p e r t u r b a t i o n s  f r o m  the n e i g h b o r h o o d  of  the  c o n -  
t a c t  po in t  i s  a l so  d e s c r i b e d  by  the  so lu t i on  of  s y s t e m  (2.1). E l i m i n a t i n g  the v e l o c i t y  c o m p o n e n t s  f r o m  (2.2), 
we ob ta in  the  equa t ion  f o r  the p r e s s u r e  
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02 P -L. O~ P ~P 2U o~p = (Co2 - U2 ) Co 2 
Ot 2 ~- Ox Ot Ox '~ ~ Oy~ 

We m a k e  the fo l lowing  change  of v a r i a b l e s :  

(2.4) 

X r X - -  X 0 y r  

V ~ / co ~ Y" 

t' = ( t  U~ ~'/~ U (x - -  zo) 
- -  -~j-o~ ] t + ~o V 1 - ~ / co~ 

(2.5) 

H e r e ,  x 0 i s  a c e r t a i n  sh i f t  of the  c o o r d i n a t e  o r i g i n .  In  the  
new v a r i a b l e s  Eq.  (2.4) t a k e s  the  f o r m  of the  u s u a l  wave  equa t ion  

02P 2{ O~P 02P ) 
Ot,~ - -  C o \~x~ -~ - ~ j  (2.6) 

Th i s  equa t ion  has  a so lu t ion ,  p e r i o d i c  wi th  r e s p e c t  to t i m e ,  
of the  f o r m  

p =  As in ( k l co t , )Z~ (k~  1/'~-7~+ y'Z)sin@0 + a) (tg0 =y ' i x ' )  (2.7) 

F i g .  2 H e r e ,  Z u i s  a B e s s e l  funct ion ,  and ce and k 1 a r e  a r b i t r a r y  
c o n s t a n t s .  

R e t u r n i n g  to the  i n i t i a l  v a r i a b l e s ,  we ob t a in  

p =  A s i n [  klc~ ] / l - U 2 / c ~ t  ~- co ]/lkW--U~/~o 2 (x=-x~ s in(~0-~a)  Z'(klr~) 

F r o m  (2.8) and (2.1) fo r  the  v e l o c i t y  c o m p o n e n t s  u and v we obta in  

u = ur cos (klco ! f l  - -  U 2 / Co ~ t) H- u~ sin (k~co V t - u ~ / Co ~ t) 

v = v~ cos (klc o ] f i  - -  U ~ / co '~ t) + v~ sin (klc o V t - u ~ / co 2 t) 

(2.8) 

(2.9) 

(2.10) 

H e r e ,  Uc, Us, Vc, and v s a r e  func t ions  of  the  c o o r d i n a t e s  x and y d e t e r m i n e d  f r o m  the  f i r s t  two e q u a -  
t i ons  of s y s t e m  (2.1). 

Conf in ing  o u r  a t t en t ion  to  w a v e s  going  to in f in i ty ,  in  (2.8) we can  s e t  

Z~ (kr) = H~ (1) (kr) 

H e r e ,  H~ 0) (kr) i s  a Hankel  func t ion  of the  f i r s t  k ind  of o r d e r  v .  We a s s u m e  tha t  the  s o u r c e  of the  p e r -  
t u r b a t i o n s  i s  l o c a t e d  at a c e r t a i n  point  x 0 in  the h i g h - p r e s s u r e  zone n e a r  the  c o n t a c t  po in t .  The d i m e n s i o n s  
of t h i s  zone w e r e  d e t e r m i n e d  in  [9] and we s h a l l  a s s u m e  tha t  

x0 ~ 51 sin 2 7/2 (2.11) 

The  o r d e r  of the  Hanke l  funct ion  v and the p h a s e  sh i f t  a a r e  d e t e r m i n e d  b y t h e  fo l lowing  c o n s i d e r a t i o n s .  
The  b o u n d a r y  cond i t i on  p = 0 at  the  f r e e  edge  x < 0, y = 0 can  be  s a t i s f i e d  by  s e t t i n g  v = 1 / 2 ,  1, 3 / 2 ,  2 . . . .  
and s e l e c t i n g  a equa l  to 0 at  i n t e g r a l  v a l u e s  of  v and equa l  to  7r/2 at  f r a c t i o n a l  v a l u e s  of v. Having  d e t e r -  
m i n e d  Uc~ Us, Vc, v s f r o m  (2.1) and  u s i n g  (2.10), f r o m  (2.3) we can  f ind the  wave  f o r m  at the  f r e e  s u r f a c e .  

We note  tha t  in (2.8) the  a s y m m e t r i c a l  w a v e s  u s u a l l y  o b s e r v e d  c o r r e s p o n d  to the  c a s e  v = 1. In  i n -  
d i v i d u a l  c a s e s ,  by e n s u r i n g  the  p r e c i s e  s y m m e t r y  of  the  c o l l i s i o n  cond i t ions , ,  i t  i s  p o s s i b l e  to  o b s e r v e  s y m -  
m e t r i c a l  w a v e s  (Fig .  2) c o r r e s p o n d i n g  to v = 72. The  p o s s i b i l i t y  of the  o c c u r r e n c e  of h i g h e r  h a r m o n i c s ,  
c o r r e s p o n d i n g  to h i g h e r  m o d e s  of  s y m m e t r y ,  is  not y e t  c l e a r .  

Thus ,  i t  i s  n a t u r a l  to conc lude  tha t  in  m o s t  e x p e r i m e n t s  on wave  f o r m a t i o n  the v a l u e s  of  the  h y d r o -  
d y n a m i c  quan t i t i e s  a r e  d e t e r m i n e d  by  the  p r e s s u r e  equa t ion  

I klU (x--xo) I H1(1) (k l r ) s in  0 p : A s i n  klco V i - -  U 2~co ~t + (2.12) 
co V i - -  U 2 / co~ 
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f~" 

Fig. 3 

and relat ions (2.10) for the velocit ies.  Obviously, in the actual process  the 
source  is not concentrated in the point x 0 but distributed over  a cer tain 
small  volume in the neighborhood of the contact point. 

The oscillations descr ibed by Eq. (2.12) reflect  the actual wave p roc -  
ess  only at distances f rom the contact point considerably exceeding the 
dimension of the h igh-pressure  zone 61sin 2(~/2) and less  than the thickness 
of the moving plate 61. At g rea te r  distances from the contact point the ef -  
fect of the free edges leads to an exponential decline in amplitude. 

We will i l lustrate the "freezing" process  with the following e lement-  
a ry  example.  Consider  a source of harmonic  oscillations moving to the left 

along the x axis with velocity U, the distribution of the velocity component along the y axis at y = 0 having 
the following form:  

v = sin o)t e -(x+Ut) 

s 

From the equation for the displacement of the free surface (2.3) we have 

Ot = v ly=0 = sin o)t e -(x+UO 

Hence we find the free surface at x + Ut > 0 (behind the source) 

tl = A0 sin (cox~U) -[- sin cot e -(x+~t) 

Here, A 0 is the amplitude of the waves at the contact surface for sufficiently large t. The equation 
obtained shows that, after  passage of the source through the point x, in the course  of t ime the shape of the 
boundary there is f rozen and takes the form 

tl = A0 sin (cox IU) 

3. Explosive-Welding Waves from the Self-Oscillation Standpoint. 1. As we know from the general  
theory of self-osci l la t ions (see, for example, [13]), any se l f -osc i l la tory  sys tem must  contain an osci l la tor  
with a cer tain frequency co and damping constant r 0. Moreover ,  there must  be an energy pumping 
mechanism,  which in actual sys tems  is usually related with the presence  of a nonlinear "negative" f r i c -  
tional res is tance .  The equation describing this p rocess  in a sys tem with one degree of f reedom has the 
form 

~ " +  T-7 (3.1) 

Here, ~ is the deviation of the sys tem from the equilibrium position. A typical graph of the function 
f (~ ' )  for a sys tem with so-ca l led  "hard" excitation is presented in Fig. 3. The f (~ ' )  curve can be ap-  
proximately represented in the form of a piecewise-constant  function (Fig. 3). Obviously, given a weak in- 
itial perturbation,  in such a sys tem with hard  excitation, oscil lations do not occur ,  since the system does 
not fall within the interval of nonzero values of f .  

Assuming that the self-0sci l la t ion frequency is approximately equal to ~v and that the oscil lat ions of 
the point are sinusoidal 

= B sin r (t -- to) (3.2) 

we can approximately determine their  amplitude f rom energy considerat ions,  multiplying Eq. (3.1) by ~" 
and integrating over the oscillation period.  We have 

T 

to 

K = K (B) ~<~ I 

2~ 
I (o~BZ 

{- coB cos Of (cob cos O) dO ~ - -  ~ + K 2 F o ) B  

o 

(T = to + 2/:~o) 

(3.3) 

The factor  K is present  owing to the fact that f (~  ") = 0 at [~ "1 < ~ .  At large B the coefficient K may 
be assumed equal to unity. F rom (3.3) we obtain 
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B = 4Fv0 K ~ 4Fv0 

We note that a decrease  in f '  (~') at large ~" is neces sa ry  for the stability of the limit cycle ensuring 
the se l f -osc i l la tory  reg ime [13]. 

2. We will consider  the case when f ( ~ ' )  is p iecewise- l inear  and the following relat ions are satisfied: 

f' (~') = F, (~" < ~o') 
/' (~') = F , >  F~ (~o'< ~'< ~r 

/ ' ( ~ ' ) - - - - F s > F s  (~ '<  ~') 

In this case,  if 

F I <  i__t_ F3 < i F s >  i 

and ~ 0 is sufficiently large,  self-osci l la t ions analogous to the previously considered case are possible in 
the sys tem.  It is easy to see that the equation 

2r: 
~ I 2~0 § (oB cos 0} (oB cos 0) dO = 0 

o 

has a unique solution. Other nonlinear dependences f(~ ) and even f(~ ",~ ), leading to the appearance of 
self-osci l la t ions,  are also possible.  

3. In [9], as a resul t  of an analysis of the experimental  data and the numerical  and analytic solutions 
of the equations of hydrodynamics it was established that wave formation requires  a sufficiently s trong ini-  
tial perturbation of the collision p rocess .  The expansion wave reaching the contact  point from the free 
surface of the moving plate was also investigated. 

In addition, special  experiments ,  in which perturbations were art if icial ly crea ted  - by projections on 
the s tat ionary plate - were also per formed.  These investigations led to the conclusion that wave formation 
in explosive welding is not a manifestat ion of some instability, being a se l f -osc i l la tory  process  with hard 
excitation whose mechanism is concentrated in a small  neighborhood of the contact point. 

In o rder  to apply to the analysis of this process  the facts derived above from the theory of osc i l la -  
tions, it is neces sa ry  to determine what must  be understood by the deviation ~ and the osci l la tor  c h a r a c t e r -  
is t ics r and T o and to establ ish the nature of the coll ision processes  corresponding to the dependence f ( ~ ' ) .  

4. The Osci l la tor .  In [9] it was shown with re fe rence  to the hydrodynamic coll ision model that the 
density and tempera ture  of the colliding plates differ substantially f rom their  start ing values in a neighbor-  
hood of the contact point with l inear dimension 

2 ( __ U2~ 'h 25152 s i n ~ !  (4.1) 
R ~ "~- I co~} (51+62) 2 

In this neighborhood the speed of sound c also differs substantially f rom the s tar t ing value c o and the 
region may be regarded  as an osci l la tor  with frequency oJ of the order  of c0R ~ i.e., 

0.) ~ Co/~ ~ 

In the oscillation p rocess  waves are radiated into the surrounding medium; these waves are damped 
and the charac te r i s t i c  damping t ime ~- may be assumed to be of the o rde r  of the period 

.~  2n/coR ~ 

We will consider  an example of such an osci l la tor  in the hydrodynamic approximation. It may  be as -  
sumed that considerat ion of the analogous elastic problems will not produce significant changes in the cha r -  
ac ter  and order  of magnitude of the frequency and damping constant.  

1. The complex osci l la tor  frequencies n = i0J - ~--1 can be determined as the eigenvalues of the fol-  
lowing sys tem:  
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Ou t Op = 0 xu+U(x'Y)~-Zx + V ( x ' y ) ~ y  + p(z,y) ax 

• + U (x, av Ov t ap 0 (4.2) y)-~ + V (z, v) ~v + ~ (x, v) au 

av ~r (=, v) op a,, u p + V ( x , y ) - ~ x +  ~ y + p ( x , y )  c ~  

The ve loc i t i e s  U(x, y), V(x, y), the dens i ty  d i s t r ibu t ion  p(x, y), and the squa re  of the speed  of sound 
c2(x, y) m u s t  be found f r o m  the solut ion of the s t e a d y - s t a t e  p r o b l e m ,  a l i nea r  model  of which was  d e s c r i b e d  
in Sec .  2. In  the gene ra l  c a s e  it is  diff icult  to  find the e igenva lues  of this  s y s t e m ,  and the t a sk  involves  
l abor ious  mach ine  computa t ions .  Below we p r e sen t  a rough ca lcu la t ion  of the s y s t e m  fo r  the c a s e  U = 0, 
V = 0. We note tha t  usua l ly  the co l l i s ion  condi t ions  a r e  such  that  (1_12 + V2) / c  2 < ~4- 

We a lso  s c h e m a t i z e  the d i s t r ibu t ion  of the dens i ty  and speed  of sound, se t t ing  

(x ,  v )  = 

c (x ,  v)  = 

Po (x ~ § y2 > Ro~) 

p* > ~'o (x ~ + y~ < n ~ 
co (x 2 + Y~ > R ~ 

c* > co (x ~ + y~ < R ~ 

(4.3) 

Since the p r e s s u r e  is equal to z e r o  on the in te rva l  x < 0, y = 0, we find the solut ion of s y s t e m  (4.1) in 
the f o r m  

p (x, y) = sin 0 W (r) (4.4) 

Thus ,  only a n t i s y m m e t r i c  modes  a re  inves t iga ted .  Subst i tut ing (4.4) into (4.2), we obtain 

p ~ s i n O Z l ( ~ r  (c---- { C~ (r(r< tt~ (4.5) 

We note  tha t  h e r e  Z 1 s tands  f o r  the d i f ferent  b r a n c h e s  of cy l ind r i ca l  funct ions of the f i r s t  o r d e r  for  r 
l e s s  than and g r e a t e r  than R ~ F o r  the ve loc i ty  componen ts  we obtain 

iu " 2 i sin 20 { _  T Z0 ( ~ r )  + Zt ( ~ r )  } (4.6) 
u -- 2~p - r  

v = - ~  [ ~-c Zo ( T r )  -- cos 2O L- ~-Z0(~uc r ) + -7- i \ T r ) ] t  

The condi t ion at infinity (radiat ion condition) cons i s t s  in tha t  fo r  r > R ~ W(r) co inc ides  c o r r e c t  to an 
0) ,  a r b i t r a r y  cons tan t  with the funct ion H, t i~cr/c  0) (see See.  2). At r < R ~ the r e g u l a r i t y  a t t h e  point x = 0, 

y = 0 leads  to  the equat ion 

(i~ rl W (r) = const J1 ~-~0 / 

The boundary  condi t ions  at r = R ~ (continuity of p, u, and v) can be sa t i s f i ed  only fo r  a d i s c r e t e  s e r i e s  
of e igenva lues  ~t. We p r e s e n t  the va lues  of  coR/c o, R / ~ c  o for  a n u m b e r  of  va lues  o f  the ra t io  p ~'c0"2/P0c02 

po*c*o~/poco~: 225 3.38 4.00 4.50 6.00 8.00 
o~R~ = i .80 t .83 i .82 i .85 i .85 t .86 

--R~ 0.38 0.42 0.40 0.40 0.44 0.45 

F r o m  these  data  it fol lows that  the damping  cons tan t  R/~-c  0 and the f r equency  oJR~ depend only weakly  on 
the parameterPo*Co*2/p  0% 2. In this  ca se ,  R~  ~ --0.4, oJ R~ ~ 2, i .e . ,  the  f r equency  is of the o r d e r  of 
the width of the h i g h - p r e s s u r e  zone.  

5. Ene rgy  P u m p i n g  M e c h a n i s m .  The ex is tence  of undamped  se l f -o sc i l l a t i ons  p r e s u p p o s e s  tha t  
e n e r g y  is  pumped  In in the ne ighborhood  of the con tac t  point .  We wil l  a t t empt  to  d e s c r i b e  a poss ib l e  v a r i -  
ant of the e n e r g y  pumping m e c h a n i s m .  We s t a r t  with the s y s t e m  of ec~at ions  of h y d r o d y n a m i c s  with the 
v i s cous  s t r e s s  t e n s o r  

ap a (pu) a (pv) = 0 a-T +---3~-~ § 
a (pu) 3-- a (p + pu9 a (puv) azu az~ 8t Ox -~ Oy Ox " -~- By 

(5.1) 
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a (pv) a (puv) a (p 5- Pv 2) Oz21 O~:z 

(as os os ) 

Here,  S is  the en t ropy  dens i ty  pe r  unit  m a s s ,  and the p r e s s u r e  p is  a function of dens i ty  and ent ropy,  

p = p(p ,  S). 

The r igh t  s ide  of the l a s t  equation de t e r m i ne s  the heat  r e l e a s e d  in in te rna l  f r ic t ion .  It is  na tura l  to 
a s sume  that  the to ta l  s t reng th  of the heat  source  is  a flmction of the s t r a in  r a t e  d i s t r ibu t ion .  

F r o m  s y s t e m  (5.1) we obtain the equation for  the p r e s s u r e  

d t 

o o o )  
W = W +  u3V+ v 3~-u 

If  we a s sume  that  the function Q(x, y, t) is  nonzero in a c e r t a i n  neighborhood of the contact  point and 
has  the c h a r a c t e r  of a dipole ,  i . e . ,  pos tu la te  n o n s y m m e t r i c a l  heat  r e l e a s e  at y > 0 and y < 0, we may  con-  
elude that  the ex is tence  of s e l f - o s c i l l a t i o n s  r e q u i r e s  that  the r igh t  s ide  of Eq. (5.2) may,  with suff ic ient  ac -  
cu r acy ,  be r e g a r d e d  as a dipole of s t reng th  f approx ima te ly  r e p r e s e n t e d  by a nonl inear  function of d (p~ /d t .  
Here ,  (p) is  the mean  p r e s s u r e  in one half  of the neighborhood.  (The p r e s s u r e  d i s t r ibu t ion  mus t  a l so  be 
a s sumed  to be dipole in c h a r a c t e r . )  

Fo r  s e l f - o s c i l l a t i o n s  to ex i s t  the na ture  of the dependence f (d ( p ) / d r )  must  be nonl inear ,  as shown 
in See.  3.2. In all  p robabi l i ty ,  the non l inear i ty  of this  dependence is  a consequence of the p l a s t i c i t y  of the 
m a t e r i a l .  In fact ,  the s t r e s s  t e n s o r  {~ik} must  be r e l a t e d  with the s t r a i n  ra te  t enso r ,  as fol lows: 

( ~11 ~I.2~ (UX--Uy Uy + UX~ (~ + +)(UX-]-Vy 0 ) 
~ 1  <~22i = 11 uu q- v,: us  - -  % 1  + 0 Ux + vu 

(5.3) 

The Mises  y ie ld  condit ion [14] can be unders tood  as the following r e l a t ion  between 7/ and the s t r a in  
r a t e s :  

{ TI o (h < Yo) 
= %Yo/A ( A >  Y0) (5.4) 

A = V (u~ - v~) ~ + (u~ + v~) ~ 

We assume that in a c e r t a i n  region ,  modeled  in Sec.  2 by a s ingu la r i ty  of the B e s s e l  function, h a r -  
monic osc i l l a t ions  a r e  taking p lace  accord ing  to the law 

u (x, y, t) = u 0 (x, y) ~ D sin cot u 1 (x, y) (5.5) 
v(x, y, t ) :  v 0(x, y) + D s i n c o t v  s(x, y) 

F o r  s imp l i c i t y  we fu r the r  a s sume  that u I << u0, v~ << v 0 . In the reg ion  in question the s h e a r  s t r e s s e s  
a lso  depend h a r m o n i c a l l y  on t i m e .  As a r e su l t  of the nonl inear  r e l a t ion  between ~? and the s h e a r  s t r e s s e s ,  
the t ime dependence of Q i s  not ha rmon ic .  I t  is  na tura l  to a s sume  that the ene rgy  pumping mechan i sm is  
d e s c r i b e d  p r e c i s e l y  by a non l inea r i ty  of this  type.  

Gene ra l ly  speaking,  o ther  types  of nonl inear  r e la t ions  between the v iscous  s t r e s s e s ,  s t r a i n  r a t e s ,  and 
t e m p e r a t u r e  a re  pos s ib l e .  To e s t ab l i sh  these  dependences  it wil l  be n e c e s s a r y  to make a de ta i led  i nves t i ga -  
t ion of the behav ior  of me ta l s  at high dynamic  p r e s s u r e s .  

I t  is  poss ib le  that in a thin l a y e r  nea r  the contact  su r face  some mechan i sm s i m i l a r  to Coulomb f r i c -  
t ion,  capable  of pumping in the energy  r e q u i r e d  for  the ex i s tence  of s e l f - o s c i l l a t i o n ,  p lays  an impor tan t  
r o l e .  
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